INTRODUCTION
Four economists, Mauro Gallegati, Steven Keen, Thomas Lux, and Paul Ormerod attended the 2005 Econophysics Colloquium and published a paper in its proceedings criticizing conservative particle systems as models of income distribution (Gallegati et al. 2006) . Their critique made science news: a feature news article in an issue of &%*". Their paper did a service to research on conservative particle systems as models of income distribution by raising its visibility and encouraging discussion. We agree with Gallegati et al. that a conservative particle system model of income distribution is a hypothesized universal statistical law. Gallegati et al. assert that the economics literature on the Kuznets Curve shows the unlikelihood that such a law exists. They write that, in economics, relationships between phenomena can change. They claim a conservative particle system cannot account for change. They give the Kuznets Curve as an example of change a conservative particle system cannot explain (Kuznets 1955 (Kuznets , 1965 . Simon Kuznets won the third Nobel Prize in economics for, inter alia, finding the Kuznets Curve. There is a literature in economics on the Kuznets Curve which continues today. Neither we nor Gallegati et al. (2006) have seen in this literature a conservative particle system used to explain the Kuznets Curve. See Nielsen (1994) for a review of Kuznets Curve studies in economics and sociology. Gallegati et al. see explaining the Kuznets Curve as an open problem. Kuznets (1955 Kuznets ( , 1965 observed that, during the industrialization of an agrarian economy, income inequality first rises and then falls. Gallegati et al. (2006) write that there are "good reasons" for the Kuznets Curve. One reason they cite is the rising proportion of human capital in the labor force. Another is the shift of the labor force out of subsistence agriculture into the modern sector of manufacturing and services. We provide a counter)example to Gallegati et al.'s (2006) claim that a conservative particle system cannot account for the Kuznets Curve. Gallegati et al. have no mathematical model behind the assertion of "good reasons" for the curve. They cite none. 
THE KUZNETS CURVE
The oldest and best known statistical law of income distribution is the Pareto Law, a broad statement of which is that all size distributions of personal income (in large populations defined geographically) are right skewed with gently tapering right tails, power series tails. In 1954, Simon Kuznets (1955) announced a statistical law of personal earned income, now called the Kuznets Curve. By volume of literature generated, the Kuznets Curve approaches the fame of the Pareto Law.
We examine the Kuznets Curve as the graph of the Gini concentration ratio of personal earned income (or a related income concept such as household income) against the movement of workers from low)skilled, poorly paid work in subsistence agriculture requiring little education into more productive modern sectors of the economy, requiring at least a secondary education and offering higher pay. Social scientists use the word 'inequality' casually to name any of several statistics of income when they find the values of these statistics disagreeable. Besides the Gini concentration ratio and the Lorenz Curve of which it is a summary statistic, measures such as %poor, %poor and % rich (with various income cut points for these categories), and dispersion (e.g., variance, interquartile range) have been used as indicators of inequality. These statistics do not necessarily covary (Wolfson, 1994) , who terms the Gini concentration ratio the "gold standard" of income inequality statistics (Wolfson, 1994:353) . See Kleiber and Kotz (2003: 20) 29, 164) for a discussion of the Gini concentration and the Lorenz Curve.
The iconic shape of the Kuznets Curve is an initial uptick in the Gini concentration ratio from that of the earned income of a poorly educated 100% agrarian labor force, a Gini higher than that characteristic of a modern economy, followed by a long, nearly linear decline to a modern Gini as the labor force shifts into the modern sector. The iconic Kuznets Curve is concave down, often called an "inverted U" although skewed to the right, with its right endpoint lower than its left endpoint. See, for an empirical example, Nielsen (1994: 667) , a graph of the Gini concentration of income as a function of the percent of a birth cohort that eventually enrolls in secondary school in 56 countries circa 1970. Figure 1 is a stylized iconic Kuznets Curve.
The present paper shows how a particular conservative particle system model of income distribution gives rise to the iconic Kuznets Curve as the Gini concentration ratio of the mixture of a model agrarian distribution of earned income and a model modern distribution as the mixing weight goes from 100% agrarian to 100% modern. The particle system generating the model agrarian and model modern earned income distributions is the Inequality Process (Angle, 1983 (Angle, , 1986 (Angle, , 2002 (Angle, , 2006 , a conservative particle system. We use Gallegati et al.'s measure of the transition of a labor force from agrarian to modern: the acquisition of human capital as workers move from subsistence agriculture in rural areas to employment in the modern sector in cities. We take into account the greater purchasing power of a unit of currency in rural than in urban areas. Kuznets (1965) argued that the shift of the labor force from the agrarian sector with low average income to the modern sector with higher average income produces a trajectory of the inequality of income in both labor forces combined that rises, levels off, and declines during the transition. Using point estimates of the agrarian and modern wage, the result follows for the Gini concentration ratio from its definition in the case of discrete observations (Kleiber and Kotz, 2003: 164) :
where M n is Gini's mean difference, x i is the income of the i th recipient in a population of n recipients. The Gini concentration ratio, G n :
where mean income of the population is N. If all agrarian workers earn an income of x a and all modern workers earn an income of x m , and x m > x a , then the number of nonzero terms contributing to M n and G n , i.e.,| x a -x m | and | x m -x a |, is proportional to pq where p is the proportion of agrarian workers and q the proportion of modern workers, and p + q = 1. Hence the concave down curve of G n plotted against q. Since N increases as the proportion, q, of modern workers rises, the concave down graph of the Gini concentration ratio, G, against q, is skewed to the right.
However, this result is not a satisfactory account of the empirical Kuznets Curve since at the start point and end point of the transition, i.e., p or q equals 0.0 or 1.0, the Gini concentration ratio, (1), equals 0.0, a value of the Gini concentration ratio never seen or approached empirically. At least two more considerations have to be taken into account to generate an empirically relevant Kuznets Curve.
Explaining The Empirical Kuznets Curve
The two considerations needed to account for the empirical Kuznets Curve are: a) the difference in the purchasing power of money, or, equivalently, the difference in the cost of living, between the agrarian and modern sectors, and b) the difference between the earned income distribution of the poorly educated agrarian labor force and that of more educated workers in the modern sector.
a) The Kuznets Curve and the Metro)Nonmetro Gap in the Cost of Living in the U.S. Gallegati et al. (2006) define the transition from agrarian to modern sectors of employment in terms of the education level of the labor force and the migration of labor from rural to urban areas. Nord (2000) estimated the difference in the cost of living between the metro and nonmetro {footnote 1} U.S. in the 1990's. Joliffe (2006) also estimated this difference. Nord estimated that the cost of living in the nonmetro U.S. was about 84% that of the metro. Joliffe estimated the cost of living in the nonmetro U.S. at 79% that of the metro. Taking the mean of these two estimates at 81.5% implies that $1 of earned income in the nonmetro U.S. has the purchasing power of approximately $1.23 in the metro U.S. A similar difference in the purchasing power of currency exists between urban and rural areas worldwide. This difference is likely much greater in economies whose labor forces are transitioning out of subsistence agriculture to employment in the modern sector. This transition was made in the U.S. in the 19 th and early 20 th centuries. The U.S. metro and nonmetro labor forces are similar, although nonmetro wages are lower partly due to a lower cost of living in the nonmetro U.S. and partly due to the somewhat lower level of education of the nonmetro labor force. The 'metro' and 'nonmetro' concepts are the nearest approximation to the concepts 'modern' and 'agrarian' within the U.S. national statistical system. Besides the effect of the cost of living difference between metro and nonmetro areas on wage incomes, there is also the effect of the difference in the distribution of education in the metro and nonmetro labor forces. The distributions of annual wage income conditioned on education in the metro and nonmetro U.S. are similar. See figures 2 and 3. The two parameter gamma pdf offers a good fit to the distribution of annual income in the U.S. conditioned on education in the period 1961)2003 (Angle,1996 (Angle, , 2006 . The mixture of the partial distributions of this conditional distribution (each partial distribution weighted by its share of the labor force) has a right tail heavy enough to account for the National Income and Product Account estimates of aggregate wage income in the U.S., an approximately Pareto right tail (Angle 2001 (Angle ,2003 . The shape parameters of the gamma pdfs fitted to partial distributions of the distribution of annual wage income conditioned on education scale from low to high with worker education in the whole U.S. (Angle, 1996 (Angle, , 2006 and Table 1 ).
The two parameter gamma pdf is:
where, x > 0, x is interpreted as earned income, α is the shape parameter, λ is the scale parameter, and (3) is referred to as GAM(α,λ). In terms of a gamma pdf model of earned income distribution of the whole U.S. labor force, a mixture of the metro (m) and nonmetro (nm) distributions, the Kuznets Curve is the graph of G, the Gini concentration ratio of h(x) plotted 4 against q, the proportion metro, where h(x) is: The two parameter gamma pdf is not in general closed under mixture, i.e., h(x) is not itself a two parameter gamma pdf unless either p or q = 0. Most of the workers in the lowest level of education in table 1 were close to the upper limit of that category. A fully agrarian labor force, in the sense of a labor force uninvolved with an industrial economy, would be largely illiterate and, extrapolating from table 1, would have a shape parameter fitted to their earned income distribution distinctly smaller than 1.2 . To extrapolate conservatively, we specify the shape parameter of the gamma pdf of an agrarian distribution of earned income as 1.0. For much of the 20 th century in the U.S. a high school diploma (completion of secondary education) was the standard qualification for industrial, "blue collar" labor. We take the gamma shape parameter of U.S. high school graduates, 1.8, as the model of earned income distribution of the modern sector of an economy.
The Gini Concentration Ratio of a Gamma PDF and a Mixture of Two Gamma PDF's McDonald and Jensen (1979) give the Gini concentration ratio, G Γ , of a two parameter gamma pdf (3) as:
G Γ is a monotonically decreasing function of α. G Γ = .5 when α = 1.0. The G of a mixture of gamma pdfs cannot be expressed, in general, as a linear function of the G Γ 's of the gamma pdf summands. The G Γ of a gamma pdf is a function of its shape parameter alone. The G of a mixture of two gamma pdf's is, in general, a function of all four gamma parameters. There is no simple expression for the Gini concentration ratio of a mixture of two gamma pdf's with distinct shape and scale parameters. However, the G of h(x), (4), can be found by numerically integrating the Lorenz Curve of h(x) and subtracting that integral from the integral of the Lorenz Curve of perfect equality. The Gini concentration ratio of h(x) is twice that difference. See Kleiber and Kotz (2003) for a discussion of the Gini concentration ratio as a summary statistic of the Lorenz Curve.
Does the Greater Purchasing Power of Money in the Agrarian Sector Account for the Kuznets Curve?
If a unit of currency has greater purchasing power for the agrarian labor force than the modern labor force, an agrarian wage income with purchasing power equal to that in the modern sector is smaller. Assuming that education levels in both the rural and urban labor force were equal, gamma models of the wage income in both sectors will differ only in their scale parameters, i.e., GAM(α M ,λ M ) is the model of the distribution of the modern sector, GAM(α A ,λ A ) the model of the agrarian sector, α M = α A and λ M < λ A . Suppose the purchasing power of a unit of currency in the agrarian sector is twice that of the modern sector, i.e., λ A = 2.0 λ M . Since the mean of the two parameter gamma pdf model is α/λ, mean wage income in the modern sector is twice that of the agrarian sector. Figure 4 graphs the Gini concentration ratio of the mixture of the two gamma pdfs, h(x) = p GAM(α A = 1.0, λ A = 2.0) + q GAM(α M = 1.0, λ M = 1.0), as q, the proportion in the modern sector, goes from 0.0 to 1.0. Figure 4 shows that when the purchasing power of a unit of currency in the agrarian sector is twice that in the modern sector, that difference alone cannot produce the iconic Kuznets Curve of figure 1. Figure 4 shows 1) the Gini concentration ratios of the 100% agrarian and the 100% modern labor forces as equal, and 2) the Kuznets Curve as nearly symmetric. Thus, figure 4's hypothesis is not empirically relevant. Suppose that there is no difference in the purchasing power of a unit of currency received by a worker in the agrarian sector and a worker in the modern sector (λ A = λ M = 1.0), but rather there is a substantial difference in education and a concomitant difference in the shape parameters of the gamma pdfs fitting the distributions of earned income in each sector. Let the shape parameter of the gamma pdf model of wage income distribution in the agrarian sector be α A = 1.0, i.e., somewhat smaller than the shape parameter of the gamma pdf fitted to the wage income distribution of U.S. workers with eight years or less of elementary schooling. Let the shape parameter of the gamma pdf model of wage income distribution in the modern sector be α A = 1.8, i.e., the estimate of the shape parameter of the gamma pdf fitted to the wage income distribution of U.S. workers who completed high school (secondary education). Figure 5 shows the Gini concentration ratio of the mixture, h(x) = p GAM(α A = 1.0, λ A = 1.0) + q GAM(α M = 1.8, λ M = 1.0), as the mixing weight, q, the proportion in the modern sector, goes from 0.0 to 1.0. Figure 5 demonstrates that a rise in the education level of the labor force in its transition from the agrarian to the modern sectors accounts for the decrease in the Gini concentration ratio of earned income but not for the initial uptick of the curve. The greater purchasing power of a unit of currency accounts for the upward movement of the Kuznets Curve over its left side, i.e., as the fraction of the labor force in the modern sector moves up from 0. The rise in education level of the labor force accounts for the fall in the Kuznets Curve. Suppose the cost of living in the agrarian sector is 81.5% of that of the modern sector. The greater purchasing power of a unit of currency in the agrarian sector would be 1.23 that of the modern sector, using estimates of the greater purchasing power of a U.S. dollar in the nonmetro U.S. than the metro U.S. in the 1990's. Suppose the education level of the modern sector results in a wage income distribution that is fitted by a gamma pdf with the same shape parameter as that fitted to the wage income distribution of high school graduates (secondary school completion) in the U.S., a gamma shape parameter of 1.8 . The graph of the Gini concentration ratio of h(x) = p GAM(α A = 1.0, λ A = 1.23) + q GAM(α M = 1.8, λ M = 1.0) is shown in figure 6 . Figure 6 contains both defining features of the iconic Kuznets Curve, the initial uptick in the Gini concentration ratio over a small proportion of the labor force in the modern sector followed by a long, nearly linear decline to the lower Gini of the modern sector as the proportion of the labor force in the modern sector rises. If the cost of living in the agrarian sector is somewhat lower than 81.5% that of the modern sector -say 2/3, and if there is the difference in education levels of figures 5 and 6, then figure 1 results. Figure 1 is the iconic Kuznets Curve of the introduction to this paper. So, if a conservative particle system can account for a) the approximately gamma distribution of wage income, and b) the shape of this distribution by level of education, we have a counter)example to Gallegati et al.'s proposition that a conservative particle system cannot account for the Kuznets Curve. The difference in cost of living by sector is an adjustment that is easily made. 
The Inequality Process and The Kuznets Curve
The earliest article we have found that develops a statistical mechanical theory of income distribution is Harro Bernadelli's 1943 article in Sankhyā, "The Stability of the Income Distribution", a paper that recognizes that stable features of this distribution indicate its generation by a statistical law. The Inequality Process is a candidate model of that law similar to the Kinetic Theory of Gases particle system model of statistical mechanics (Angle, 1990) . The Inequality Process (Angle, 1983 (Angle, , 1986 (Angle, , 2002 (Angle, , 2006 randomly matches pairs of particles for competition for each other's "wealth", a positive quantity that is neither created nor destroyed in the particle encounter. The Inequality Process is thus a conservative particle system model, i.e., in the class of model criticized by Gallegati et al. The transition equations of the Inequality Process are:
(6) where x it is the wealth of particle i at time step t; ω θj ∈(0,1) is the fraction lost in loss by particle j; ω ψi ∈(0,1) is the fraction lost in loss by particle i; and d t is a sequence of dichotomous independent random variables equal to 1 with probability 1/2 and to 0 with probability 1/2.
The provenance of the Inequality Process is a verbal theory of social science (Angle, 1986 (Angle, , 2006 that identifies competition as the generator of income distributions. In particular, the source of the Inequality Process asserts that more skilled and productive workers are more sheltered in this competition, i.e., a particle with smaller ω ψ represents a more productive worker. Consequently, the Inequality Process must show that particles more sheltered from competition have a distribution of wealth that fits the empirical distribution of earned income of more 
